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POTENTIALS AND CHERN FORMS FOR 
WEIL-PETERSSON AND TAKHTAJAN-ZOGRAF METRICS 

ON MODULI SPACES 

JINSUNG PARK, LEON A. TAKHTAJAN, AND LEE-PENG TEO 


Abstract. For the TZ metric on the moduli space ^#o,n of n-pointed 
rational curves, we construct a Kahler potential in terms of the Fourier 
coefficients of the Klein’s Hauptmodul. We define the space & g ,n as 
holomorphic fibration © 9 ,„ —>■ G g over the Schottky space & g of compact 
Riemann surfaces of genus g, where the hbers are configuration spaces 
of n points. For the tautological line bundles Jz?i over Gg } n we define 
Hermitian metrics hi in terms of Fourier coefficients of a covering map 
J of the Schottky domain. We define the regularized classical Liouville 
action S and show that exp{S'/7r} is a Hermitian metric in the line 
bundle «S? = over 6 g , n ■ We explicitly compute the Chern forms 

of these Hermitian line bundles 

4 1 

ci(Jz?i, hi) = -WTZ.i, ci(2zf, exp{S’/7r}) = -u W p. 

3 n- * 1 

We prove that a smooth real-valued function — 5? = —S + 7r U” log hi 
on & g ,n, a potential for this special difference of WP and TZ metrics, 
coincides with the renormalized hyperbolic volume of a corresponding 
Schottky 3-manifold. We extend these results to the quasi-Fuchsian 
groups of type ( g,n ). 
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1. Introduction 

Weil introduced the Weil-Petersson (WP) metric on the moduli spaces 
of Riemann surfaces by using the Petersson inner product on the holomor- 
phic cotangent spaces, the complex vector spaces of cusp forms of weight 
4. Ahlfors proved that the WP metric is Kahler and its Ricci, holomorphic 
sectional and scalar curvatures are all negative im and Wolpert found 
a closed formula for the Riemann tensor of the WP metric and obtained 
explicit bounds for its curvatures 023 - 

In [fl8l [19] it was shown that for the moduli space ^#o,n of marked Rie¬ 
mann surfaces of type (0, n), n > 3 (n-pointed rational curves) and for the 
Schottky space & g of compact Riemann surfaces of genus g > 1 the WP 
metric has global Kahler potential, the so-called classical Liouville action 
(for precise definitions, see Sects. [2] and [3]). In [11., OBJ a new Kahler metric 
was introduced on the moduli space Tl g ^ n of Riemann surfaces of genus g 
with n > 0 punctures, 3g — 3 + n > 0. In 0 EDI ESI EJ it was called 
Takhtajan-Zograf (TZ) metric (for its precise definition, see Sect. 12.1.21) . 
Unlike the WP metric, the curvature properties of the TZ metric are not 
known. 

Here we present explicit formula for a Kahler potential hi of the 7-th TZ 
metric on the moduli space ,n> i = 1, ■ ■ ■ ,n. Specifically, in Proposition 
H] we prove that hi is expressed in terms of the first Fourier coefficients of 
Fourier expansions of the Klein’s Hauptmodul J at the cusps, introduced 
in fl2.5|) - (12.6D . The functions hi on ^o,n provide explicit expressions for 
trivializations of the Hermitian metrics in the (holomorphically trivial) tau¬ 
tological line bundles 2Z) on introduced in [15', [TT]. Proposition [Tj is 

the statement that the first Chern form of the Hermitian line bundle 2Z) is 
4 

-WTZ.i) the symplectic form of the 7-th TZ metric on 7 = 1,..., n. 

O 

The function H = h\ ... h n -\/h n on .-#o. n determines a Hermitian metric 
in the line bundle Ao, n over the moduli space 9Jlo, n of type (0, n) Riemann 
surfaces, introduced by Zograf [20] (see Lemma |T]and Sect. 12.21 for details). 
We show (see Corollary [2]) that on 9Jto, n 

4 

C i(-Vn, H) = g^TZ, 
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where wtz = wtz,i + • • • + wtz,« is the symplectic form of the TZ metric on 
VJlo,7i- Comparison with the known result (see CM) 


ci(A 0 ,n,exp{S'/7r}) = — w W p, 
7 


where S is the classical Liouville action and cuwp is the symplectic form of 
the WP metric, shows that a real-valued function y = S — ttH on 9Jto jn is 



the WP and TZ metrics. 

We also study WP and TZ metrics on the deformation spaces of punctured 
Riemann surfaces of genus g > 1. Namely, we introduce the Schottky space 
& g ,n of type ( g , n) Riemann surfaces as a holomorphic fibration & g , n —>• & g 
whose fibers are configuration spaces of n points (for details, see Sect. 12.31) . 
Denote by J the corresponding covering map of the Schottky domain D 
and put hi = |aj(l)| 2 , where aj( 1) are the first Fourier coefficients of J 
at the punctures Zi, i = 1 ,,n, given by (J2.23I) . In Lemma [2] we prove 
that hi determine Hermitian metrics on the tautological line bundles JZ) - 
holomorphic line bundles dual to the vertical tangent bundle on & g . n along 
the fibers of the projection p % : & 9) n —>• © 9 , n -l which ‘forgets’ the marked 
point u>i , i = 1 ,..., n. 

In Sect. 13.21 we define regularized classical Liouville action S and prove 
that exp{5/7r} determines a Hermitian metric in the holomorphic line bundle 
= «£?i <g) ■ ■ ■ <g) J£ n over & g , n (see Lemma [3|). Sect. H] contains the main 
results of the paper. Thus in Sect. 14.11 we present explicit potentials for 
the TZ metrics on and in Theorems [Tj and [2] we explicitly compute 

canonical connections and Chern forms of the Hermitian line bundles (JZj, hi) 
and («£?, exp{5/7r}). Namely, we show that 


( 1 . 1 ) 


ci(£?i,hi) = -urz,i, i = 1,..., n, 

ci(«Sf,exp{5/7r}) = ^a; W p- 
7r 


( 1 . 2 ) 


Here and wtz are, respectively, symplectic forms of the WP and TZ 
metrics on © 9i n- 

The statement that the first Chern class of the line bundles 2z^ is |cuTZ,i 
was proved in [12| at the level of cohomology classes and in nanzi at the 
level of Chern forms. Hermitian metrics hi in the line bundles JZ) on 
provide explicit expressions for the pullbacks of the Hermitian metrics in 
tautological line bundles over the moduli space of n-pointed curves of 
genus g > 1, introduced in pana- 

The quantity 


n 


y = s — n i°g hi 


i— 1 




4 


JINSUNG PARK, LEON A. TAKHTAJAN, AND LEE-PENG TEO 


is a smooth real-valued function on the Schottky space & g n . It follows from 
G3D and (|1.2|> that — 5? is a Kahler potential for a special linear combination 
of the WP and TZ metrics, 


where d and 5 are (1,0) and (0,1) components of the de Rham differential 
on &g >n . This linear combination, with the overall factor 1/127T, is precisely 
the one that appears in the local index theorem for families on punctured 
Riemann surfaces for k = 0,1 in m Theorem 1], 

In Sect. [5] we extend the approach in [13] to quasi-Fuchsian groups of type 
(g,n). Namely, we define the classical Liouville action and in Theorem 0] 
prove that it is a Kahler potential of the WP metric on the quasi-Fuchsian 
deformation space. In Sect. [6] we study renormalized volumes of the corre¬ 
sponding Schottky and quasi-Fuchsian 3-manifolds. In Theorem [5] we prove 
that the renormalized hyperbolic volume of the corresponding Schottky 3- 
manifold is related to the above-mentioned function S* and in Theorem [6] 
we prove that for quasi-Fuchsian 3-manifolds it is related to the regularized 
Liouville action. These extend the results obtained in m to punctured 
Riemann surfaces. 

Acknowledgements. The work of J.P. was partially supported by SRC - 
Center for Geometry and its Applications - grant No. 2011-0030044. L.T. 
acknowledge the partial support of the NSF grant DMS-1005769 and thanks 
P. Zograf for useful discussions. 

2. Basic facts 

Here we recall the necessary basic facts from the complex-analytic theory 
of Teichmiiller spaces (see the classic book [lj and PIE], and the modern 
exposition in 0 IB]) and the results from In. 111)1. 

2.1. Teichmiiller space T(r) of a Fuchsian group. Let T C PSL(2,M) 
be a Fuchsian group of type ( g , n) acting on the Lobachevsky plane H = 
{z = x + — 1 y E C | Imz > 0}. The group F is generated by 2 g hyper¬ 

bolic transformations A\, B\,.. ., A g , B g and n parabolic transformations 
Si,... ,S n , where 3g — 3 + n > 0, satisfying the single relation 

AiBiA^Bi 1 ■ ■ ■ A g B g A- 1 B~ 1 S 1 • • • S n = 1. 

The group T with a given, up to a conjugation in PSL(2, M), set of generators 
Ai,Bi,...,A g ,B g ,Si,...,S n is called a marked Fuchsian group. 

Let A -1,1 (]H, r) be the space of Beltrami differentials for T — a complex 
Banach space of fi E L°°(H[) satisfying 

= /*(*) v 7er. 


(1.3) 


ddy' = — 2\/^-l fcuwp- 
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For every g £ A 1,1 (H, T) with 

IMloo = sup |m(^)| < 1 

z£ H 

there exists unique quasi-conformal (q.c.) homeomorphism : H —> H 
satisfying the Beltrami equation 

fg = nf£, 

and fixing the points 0,1, oo. Then = /^ o To (/^) _1 is a Fuchsian group 
of type (g, n) and the Teichmuller space T(r) is defined by 

T(r) = {g€ ^- 1 > 1 (M,r) | Halloo < 1}/ - • 

Here g ~ u if and only if / M o 7 o (Z ^)” 1 = f u o 7 o ( f u )~ l for all 7 € T (or 
equivalently, f ,L = f v on M). The group T corresponds to g = 0 and is the 
origin (the base point) of T(r). 

2.1.1. The complex structure. The Teichmuller space T(T) admits a natural 
structure of a complex manifold, which is uniquely determined by the condi¬ 
tion that canonical projection which sends g £ ^4 . —1,1 (H, T) with \\g\\oo < 1 
to its equivalence class [g] £ T(T) is a holomorphic map. For the Fuchsian 
group T of type (g, n) the complex dimension of T(r) is d = ?>g — 3 + n. 
Explicitly this complex structure is described as follows. Denote by 
the finite-dimensional subspace of harmonic Beltrami differ¬ 
entials for r with respect to the hyperbolic metric on H. It consists of 
g £ ^ _ 1 , 1 (H, T) satisfying d z (pg ) = 0 , where p(z ) = y~ 2 and has complex 
dimension d = 3g — 3 + n. The complex vector space H, T) is identi¬ 

fied with the holomorphic tangent space ToT(r) to T(T) at the origin g = 0. 
Every g £ J^ _ 1 , 1 (T) has the form g(z) = y 2 q(z ), where q £ T) is 

a cusp form of weight 4 for T — a holomorphic function on HI that vanishes 
at the cusps of T and satisfies 

Q(7z)j'( z ) 2 = q{z) V7 £ T. 

Correspondingly, the holomorphic cotangent space TgT(r) to T(r) at the 
origin is naturally identified with the complex vector space J^ 2 , 0 (1HI, T), and 
the pairing between TqT(F) and ToT(T) is given by 

(«,„) =//,(*)„( where A = d X dy. 

r\H 

Choose a basis gi ,..., gd for T), put g = e 1 g\ + • • • + £dhd and 

for ||/u||oo < 1 let / A ‘ be the normalized solution of the Beltrami equation. 
Then the correspondence (ei,... ,Sd ) = /** o T o (/ M ) _1 defines the 

complex coordinates in a neighborhood of the origin in T(T), called Bers 
coordinates. 

There is a natural isomorphism between the Teichmuller spaces T(T) and 
T(r M ), which maps T u £ T(T) to (r M ) A £ T(r M ), where, in accordance with 
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f = / A of, 


A 


f_l\ 

VI -vfifg) 


o (rr 1 - 


This isomorphism allows to identify the holomorphic tangent space TLiT(r) 
at [//] G T(T) with the complex vector space T^), and the holomor¬ 

phic cotangent space T*T(r) — with the complex vector space Jf' 2 ’°( H, T M ). 
It also allows to introduce the Bers coordinates in the neighborhood of T^ in 
T(T), and to prove that these coordinates transform complex-analytically. 


Remark 1. A marked Riemann surface of type (g,n) is a Riemann surface 
with a set of standard generators of its fundamental group, defined up to 
an inner automorphism. Whence the Teichmiiller space T(T) can be inter¬ 
preted as a Teichmiiller space of marked Riemann surfaces of type ( g, n ) by 
assigning to each [/i] £ T(T) a marked surface = T^\1HI, with the surface 
X = T\M playing the role of a base point. According to the isomorphism 
T(T) ~ T(T^), the choice of a base point is inessential and we will often use 
the notation for T(T). 

Variation formulas of the hyperbolic metric p(z)\dz\ 2 on HI play an im¬ 
portant role in the complex-analytic theory of Teichmiiller spaces. Put 


(FT(p) = 


I h 


Ml 2 


(Im /^‘) 2 


The first formula is the classic result of Ahlfors [2] (the so-called Ahlfors 
lemma) that for g G J^ _1,1 (1HI, T) 


( 2 . 1 ) 


d_ 

de 


(rn*(p)= o. 


e=0 


The formula for the second variation 


(f ifi+£ n*(p) = \pf^, 

e=0 A 

where g, v G 1HI, T) and T-automorphic function is uniquely de¬ 

termined by 


( 2 . 2 ) 


d 2 


de\d£2 


(2.3) 


2 d 2 fu,v 
V dzdz 


+ -.f)w = gv and 


Jf \f^(z)\ 2 p(z)d 2 z < oo, 
r\H 


was proved by S. Wolpert im Theorem 3.3]. 

Remark 2. It is shown in H2 Proposition 6.3], that formulas (I2.2|) - (l2.3j) can 
be obtained from Ahlfors’ earlier result in [3], 
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2.1.2. Kahler metrics onT(T). The cotangent spaces Tj*, T (T) = Jt? 2 ’°(H, P 1 ) 
carry a natural inner product — the Petersson’s inner product on the space 
of cusp forms of weight 4. It determines the Weil-Petersson metric on the 
Teichmuller space T(r) by the formula 

(M1:M2)wp = f f pi(z)p 2 (z)p(z)d 2 z, € T [tl] T(T) = (H, r^). 

tm\h 

The Weil-Petersson metric is real-analytic and Kahler and is invariant with 
respect to the Teichmuller modular group Mod(T). 

In case when T is a Fuchsian group of type (g , n) and n > 0, a new 
Kahler metric on T(r) was introduced in |TT1 12]. Namely, let by z\, ..., z n € 
R U {00} be the set of non-equivalent cusps for T — the fixed points of the 
parabolic generators S\,...,S n . For each i = 1 denote by the 

cyclic subgroup (Si) and let <7j £ PSL(2, R) be such that cqoo = Zi and 
<r~ ] SiUi = (l ^). Let Ei(z,s ) be the Eisenstein-Maass series associated 
with the cusp Zi, which for Res > 1 is defined by the following absolutely 
convergent series 

Ei(z,s)= M^V) 8 - 

7GPAP 

The inner product 


<A*i,A*2 )i = JJ di(z)p2(z)Ei(z,2)p(z)d 2 z, i = l,...,n, 
r\H 

in HI, F), and the corresponding inner products in all T^) 

determine another Hermitian metric onT(r). It was proved in [ 11 , 12 ] that 
this metric is Kahler for each i = 1 ,... ,n. In mmm it was called TZ 
metric and we will denote it by ( , }tz,«- The metric ( , )tz = ( , }tz,i + 
• • • + ( , )tz,u is invariant with respect to the Teichmuller modular group 
Mod(r). Denote by wtz,; the symplectic form of z-th TZ metric, 


WTZ ,i 


v^T 

2 


d 

y (Vji dk)TZ,idsj A de k , 
j,k=l 


and put WTZ =wtz,i H-hUTZ.n- 

The TZ metric is intrinsically related to the second variation of the hyper¬ 
bolic metric on H (see Sect. 12 .1.11) . Namely, the following result was proved 
in [12] 

4 

(2.4) lim lm(a i z)f fJ ,p(a i z) = — </x, v)tz,u i = l,...,n, 

y ^00 3 

where p, v € T) and f^p is defined in (12.31) . 
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2.2. The moduli space ./#o,n• Here we consider the moduli spacl3 -^o,n of 
Riemann surfaces of type (0, n) with labeled punctures (n-pointed rational 
curves). Each such surface is uniquely realized as C = CU{oo} with n labeled 
punctures such that the last three of them are, respectively, 0,1 and oo. Let 
J^ n ((C) be the configuration space of n ordered distinct points in C with the 
PSL(2, C)-action. The moduli space is defined by ^#o,n = ^n(C)/ PSL(2, C) 
and is realized as the following domain in C n_3 , 

■Jlo.n = {(ud,..., w n - 3 ) € CT' 3 | Wi / 0,1 and Wi / w k for i^k}. 

Let X = C \ {uq,..., w n - 3,0,1} be a Riemann surface of type (0, n). By 
the uniformization theorem, X = r\lHI, where type (0, n) Fuchsian group T 
is normalized such that the fixed points of S n - 2 , SV 1 - 1 , S n are, respectively, 
z n - 2 = 0, z n - 1 = 1, z n = 00. Denote by HI* the union of HI and all 
cusps for r. There is unique covering map J : HI —» X with the group 
of deck transformations T, which extends to a holomorphic isomorphism 
J : r\H* —>• C that fixes 0,1, 00 and has the property that Wi = J(zi ), 
i = 1,..., n — 3. In the classical terminology J is called Klein’s Hauptmodul. 
It is a unique T-automorphic function on HI that fixes 0 and 1 and has a 
simple pole at 00. The function J is univalent in any fundamental domain 
for r and has the following Fourier expansions at the cusps, 

OO 

(2.5) J{cnz) = Wi + '^ 2 a i (k)q k , i = l,...,n-l, 

k =1 

OO 

(2.6) J(a n z)= ]T a n (k)q k , i = n, 

k =-1 


where q = e 27T '^~^ z . The first Fourier coefficients of J determine the following 
smooth positive functions on ^#o,n : hi = |aj(l)| 2 , i = — 1, and 

hn — | ®n( 1)| ■ 

The symmetric group Symm(n) acts on .-#o,n (see [20j §1]) and let ®lo,n = 
■4),n/Symm(n) be the moduli of Riemann surfaces of type (0, n ). As in [20] . 
let {/ ff } ff eSymm(n) be a 1-cocycle for Symrn(n) on .-#o,n defined by 


fa kn { w l,---,«>n-3) 


n —3 / xo 

-pi- (wi - w k y 

^ w k {w k - 1 ) ’ 

i^k 
n —3 

n w i 
2—1 
n —3 

nK - 
2—1 


k = 1,..., n — 3, 

k = n — 2, 
k = n — 1 


where a kn is the transposition interchanging the points with indices k and 
n, and extended to the full group by = (fa -1 0 ^ 2 )fa 2 - Let ^o,n be 


'in }l8l |20| this moduli space was denoted by W„. 
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the holomorphic line bundle over 9Jlo,n determined by the 1 -cocycle /, the 
quotient of the trivial line bundle ^#o,n xC A ^#o,n by the symmetric group 
action 


(w, z) i-A (a ■ w , f a (w)z), w £ ,n, z E C, cr £ Symm(n). 

Lemma 1. T positive function H = hi ■ ■ ■ h n -i/h n on .#o,n determine a 
Hermitian metric in the line bundle Ao, n over 9Jto,n- 

Proof. It readily follows from the description of the symmetric group action 
on in [20J §1] that H(a ■ w)\f a (w)\ 2 = H{w) for all w € ,n and 

a € Symm(n). □ 


The hyperbolic metric e^ w ^\dw\ 2 on X is a push-forward by the map J 
of the hyperbolic metric p(z)\dz\ 2 on H, 

(2.7) A”' = l^'^, 

(Im J~ 1 (w)) 

and satisfies the Liouville equation 


( 2 . 8 ) 


Pww = -e v , w € X. 


From the Fourier expansions (12.51) (12.61) one gets the following asymptotic 
behavior of (p(w) as w —X Wi (see [18, Lemma 2]) 


(2.9) ip(w) = — 2 log \w — Wi\ — 2 log 

( 2 . 10 ) ip(w) = — 21 og | w | — 21 og log 


log 


w 


W — Wi 


+ 0(\w - Wi\), iy^n, 


On ( 1 ) 

Denote by S(f) the Schwarzian derivative, 

fill 2 / fH\ ^ 


We have 


Oi( 1 ) 

+ 0 (|u;| _1 ), i = n. 




1 n_1 /I \ 

( 2 . 11 ) S(J _1 )M = <p WV] (w) - -y w {w) 2 = ( XT-Tf + —-— ) 

2 \2[w — Wi) 1 w — Wi ) 

i=i x v ' ' 


and 

, l „ 

S(J )(w) = —^ + 0(|u;| ) as w -A oo 

2w z 

where c- t = —aj(2)/(aj(l)) 2 , i = 1,... ,n — 1, (see Lemma 1]) are acces¬ 
sory parameters of the Fuchsian uniformization of the surface X. 

Consider the Riemann surface X = C \ {wi ,..., w n - 3, 0 , 1 } = r\H as a 
base point in To tU . For each [p] € To >n the Fuchsian group = /^oFo (/^) _1 
is normalized and we realize the Riemann surface X ^ = r /i \lHI as X^ = 
C\ {wi,...,w^_ 3 , 0 , 1 , 00 }. Denote by the corresponding normalized 
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covering map : H —>• X M and consider the map p : Tq n —> 4i n) defined 

by 

7o,n 9 [m] ^ p(M) = (Wi, ■■■, Wn- 3 ) € where tof = (o f^)(zi). 

According to m Lemma 3], the map p is a complex-analytic covering. 
Consider the commutative diagram 

H —H 

(2 ' 12) | J | J " 

X ——>■ X^ 

It follows from (|2.12|) that 

(2.13) F£ = MF%, where M = (p o J- 1 )^^. 

The function f £fl (z ) is real-analytic in e for all z € C. Put f^(z) = 
df £ ^/de | £= o- It satisfies = p and is given by 

/ M 0) = -- [[ where R((,z) = ^ ^ tt - 

ft J J h (C — Z )Q{Q ~ 1) 

Correspondingly, the function F £fl is holomorphic in e and 

(2.14) F ll (w) = — — ff M(v)R(v,w)d 2 v , 

ft J JC 

where T M = (dF £fl /ds) | e=0 . 

Denote by rj, i = 1,..., n — 3, the basis in JF 2,0 (H, T) = Tq defined 
as 

ri(z) = Ri(J (z)) J' (z ) 2 , where Ri(w) = - R(w,Wi ), 

TT 

and let qi(z), i = 1,... ,n — 3, be the basis in JF 2,0 (M , T), biorthogonal to 
ri(z) with respect to the Petersson inner product. Finally, let Hi{ z ) = y 2 qi(z) 
be the corresponding basis in T) = (see [18) Sects. 2.4—2.6]). 

The bases r?(z) in ^ 2,0 (1HI, T^) and p^(z) in T^) for [p] € To, n 

are defined similarly. Then for the covering map p : To jn —> .# 0 ,n we have 
(see m Lemma 3]) 

(2.15) dp [fA (p 1 - ) = and p\^{dwi) = rf, z = 1,..., n - 3. 

We also have 

n n —3 

(2.16) S(J -1 )(u>) = y^8j(w) - TTy^ j c i R i (w), 

i— 1 2=1 


1 1 


1 


where 

( 2 . 17 ) £(«>) 


2(u? — u?j) 2 2io(u; — 1) 


i ^ n, £ n {w) 


2w{w — 1) ’ 
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The corresponding functions ej(z) = £i(J(z))J' (z) 2 on H are automorphic 
forms of weight 4 for T with non-zero constant term at the cusp Zi, i = 

1 _ 

Put F l = i = 1,..., n — 3. The functions F l (w) are given by (|2.14[> 
where 

(2.18) Mi(v) = e-MQjv), Qi(v) = qi {J~ l (^(T" 1 )' {vf . 

It follows from (12.1511 that 

F l {wj) = 5ij , i,j = l,...,n-3 

and 

F*(0) = F*(l) = 0, F l (w) = o(|w;| 2 ) as w —>• oo. 

Also we have 

(2.19) F*(u;) = 5ij + (w - Wj)F^(w) + o ^ 
as w —>• Wj, j / n, and 

(2.20) F l (w) = wF! u (w) + o( ^ ) as w —>• oo. 

Viog |w| y 

Remark 3. One can easily prove (12.191) (12.2011 (with better error terms) using 
integral representation (12.141) and asymptotic behavior (12.91) (12.101) . Here is 
the sketch of the proof of (12.201) . We have 

F\w) - wF l w {w) = -- ff Mi{v) { ^ - -1 d 2 v, 

kJJc l( v-w) z v) 

where the integral is understood in the principal value sense as in [lj. Putting 
v = uw we have 

F‘(w) - »F» = -^JJ c Mdnw) - 1} <?u. 

It follows from (|2.18p that 

Mi{w) = O 

whence the integral over |n| > 2 is estimated by 0(log 2 |tc|). Now choose 
a 3 = log 2 |tc|/|u;|. Estimating the integral over |it| < a by the area, and the 
integral over a. < \u\ < 2 — by the estimate of Mi(a\w\), we obtain that 
both of these integrals are estimated by \w\a 2 = |zt;| 1//3 log 4 / 3 |u>|. 

Let | d w | 2 be the hyperbolic metric on the Riemann surface X fl . It 

follows from commutative diagram (12.121) that Po J = o /^, and we 
have 

(E'TK) = (J _1 )*(/ /i )*(p). 

Whence the first and second variations of the family of hyperbolic metrics 
e F e ^(' w ^\d W \ 2 on the Riemann surfaces X £ ^ = F £ ^(X) are given by the same 


log 2 1 10 1 




as w 


oo, 
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formulas (|2.1|) - (|2.3|) . where p is replaced by e v and — by (J = 

o J -1 . Moreover, since for any a£lwe have 

we get from (12.11) and (12.21) 


( 2 . 21 ) 

and 

( 2 . 22 ) 


d_ 

de 


(. F^)*(e a = 0 


e=0 


d 2 


d£\d£2 


£=0 


(E £1 = o J 


-i 


Finally, each TZ metric ( , )tz* on To.n is invariant with respect to 
the automorphism group of the covering p : To >n -A ^#o,n and determines a 
Kahler metric on which we continue to denote by ( , )tz * = 1,..., n. 


2.3. The Schottky space © S)Tl . A Schottky group E is a free finitely gen¬ 
erated strictly loxodromic Kleinian group. Its limit set A is a Cantor set 
and the region of discontinuity fl = C \ A is connected. Let S be a Schot¬ 
tky group of rank g > 1, considered as a discrete subgroup of PSL(2,C). 
The group E acts on f 1 freely, and the quotient space E\fl is compact Rie- 
rnann surface of genus g. A Schottky group E of rank g with a relation-free 
system of generators L \,..., L g is called marked. For each such system of 
free generators there is a fundamental domain D for E in kl which is a re¬ 
gion in C bounded by 2 g disjoint Jordan curves C \,..., C g , C[,..., C' g with 
C[ = —Li(Ci), i = 1,... ,g. Here Q and C[ are oriented as components of 
the boundary of D, and the minus sign means the reverse orientation. Each 
element Li can be represented in the normal form 


LiW — ai 
LiW - bi 


w — ai 

i r > 
w - bi 


w € C, 


where a* and bi are the respective attracting and repelling fixed points of 
the transformation Lj and 0 < | A* | < 1. In what follows we always assume 
that a marked Schottky is normalized , that is ai = 0, b± = oo and <22 = 1. 
In particular, this implies that 00 ^ D. The mapping 


(S, L \, . . . , Lg ) 1 y (fl3) ■ ■ • j ^2 j ■ ■ ■ i bgj ^1 j ■ ■ • j € C ® 


establishes an one-to-one correspondence between the set of normalized 
marked Schottky groups and a region & g in C 3s_3 , called the Schottky space. 

Equivalently, the Schottky space is defined as follows. Let M _1,1 (H,E) 
be the complex Banach space of L°°(H) of Beltrami differentials for E 
(cf. Sect. 12.11) . Let D(E) be a deformation space of the Schottky group 

D(E) = {/t£ M _1,1 (H, S) | (HU < 1}/ 
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where fi ~ v if and only if F^oao {F^)~ l = F u oao (i 7 ^) -1 for all cr € £ (or 
equivalently, F^ = F u on A(0. The group £ corresponds to g = 0 and is the 
origin (the base point) of 2}(£). The deformation space D(£) is complex- 
analytically isomorphic to the Schottky space & g with the choice of a base 
point. 

The Schottky space & g , n of type ( g , n) Riemann surfaces is defined by a 
holomorphic fibration j : & g , n —>• &g whose fibers over the points [ji\ G & g 
are configuration spaces ^ n (£ /i \n /x ), where £^ = F^ o £ o (ty‘) _1 and 
17^ = _F M (n). Equivalently it is defined as follows. Consider the deformation 
space of a Schottky group £ together with a point (uq,..., te n ) € & n (D ), 

D(£;u;i,... ,iu n ) 

= {(m; <, ■ ■ ■, <) € £) x ^ n (^) I ll/xlloo < 1 }/ ~ ■ 

Here w 1 - = F^(wi), D M = F^(D) and g ~ p if and only if oao {F^)~ l = 
F u oao (F u )~ 1 for all a G £ and wf = w”, i = 1,..., n. The deformation 
space £>(£;uq,... ,w n ) is complex-analytically isomorphic to the Schottky 
space Ctyn with the choice of a base point. 

Let X = £\fl be compact Riemann surface of genus g with n marked 
points xi,...,x n , and let T be a Fuchsian group of type (g,n) such that 
Xq = X\{aq,..., x n } = T\H. One can choose generators Ai, B\, ..., A g , B g 
and Si, S n of V such that £ is isomorphic to the quotient group T /N, 
where N is the smallest normal subgroup of T which contains A \,..., A g 
and Si..... S n . As in Sect. EH let HI* be the union of HI and all cusps 
for T. The complex-analytic covering 7Tr '■ HI —>• T\HI = Xq extends to the 
map 7Tp : HI* —^ X such that vrp(zj) = Xi , where Zi are fixed points of S), 
i = 1,..., n. 

The Schottky uniformization of a compact Riemann surface X with n 
marked points aq,..., x n is related to the Fuchsian uniformization of a punc¬ 
tured surface Xq = X \ {aq,..., x n } by the commutative diagram 

HI* —^ Q 

X 

where tty is unramified while J and 7Tp are branched covering maps. The 
map J is considered as a meromorphic function on HI which is automorphic 
with respect to N and satisfies J o F>i = Li o J , j = 1,..., g. It has the 
following Fourier series expansions at the cusps of T, 

OO 

(2.23) J(criz) = Wi + '^2a i (k)q k , i = l,...,n, 

k =1 



2 Here and in what follows is a normalized solution of the Beltrami equation on C 
with Beltrami coefficient g. 
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where Wi = J{zf). (Cf. (I2.5j) and note that since £ is normalized, oo ^ 9.) 

Let be z-th the relative dualizing sheaf on & g , n — a holomorphic line 
bundle dual to the vertical tangent bundle on & g , n along the fibers of the pro¬ 
jection pi : &g } n —>• & g ,n-i which ‘forget’ the marked point Wi, i = 1,..., n. 
The bundles 2zf), also called tautological line bundles , are characterized by 
the property that the fiber of 2^ over a point ([£]; w \,..., w n ) € & g ,n is the 
cotangent line T£. (£\14). 

Since J o B^ = o J, the points uq,..., LkWi ,..., w n correspond to 
the cusps z\,..., BkZi,... ,z n , and the first Fourier coefficient of J(z) at 
the equivalent cusp B^Zi is L' k (wi)a,i( 1). Correspondingly, hi = |aj(l)| 2 
gets replaced by hi\L' k (wi)\ 2 , and using the above interpretation of the line 
bundles Jzfj we arrive at the following statement. 

Lemma 2. The quantities hi determine Hermitian metrics in the holomor¬ 
phic line bundles ££i, i = 1,..., n. 

Let e^ wS) \dw\ 2 be the push-forward of the hyperbolic metric on HI by 
the map J. It is given by the same formula (|2.7p . where <p(w) is smooth on 
flo = 14 \ £ • {zxq, • • •, w n }, a complement in 14 of the £-orbit of {uq,..., w n }. 
The function p(w) satisfies 

(2.24) (p(aw ) = <p(w) — log |er / (u;)| 2 , V<r € £, w € 14o, 

and has the same asymptotics (12.91) as w —> Wi, i = 1,..., n. 

Remark 4. From asymptotics (12.91) it follows that 
( l2 2e-v( w )/A 

log hi = lim log \ w — Wi + -- , i = 1,..., n. 

w^-Wi l | w — VJi | I 

To each marked Fuchsian group T of type ( g , n) there is a unique marked 
normalized Schottky group £ ~ T /N with the domain of discontinuity 14 
such that r\BT = £\14. This determines a map 

^ • ^g^n ^ ©g,n 

by putting Wi = J(zf), i = 1,... ,n. As in n = 0 case (see [19, Sect. 2.4]), 
the map 7r is a complex-analytic covering. It plays the same role as the 
corresponding covering map p in Sect. 12.21 

Specifically, the push-forward by the map J of the vector space J^' 2,0 (HI, T) 
is a vector space 51) of holomorphic functions on 14o, defined as 

QH = g(J _1 H)(J“ 1 ) / (u;) 2 , q(z) € ^ 2 ’°(HI,r). 

They are automorphic forms of weight 4 for group £ which admit a rnero- 
morphic extension to 9 with at most simple poles at £ • {'uq,..., w n }. The 
space J^ 2,0 (flo , £) is naturally identified with the holomorphic cotangent 
space Tq <S g ,n to © 5 , n at the origin. Correspondingly, the holomorphic tan¬ 
gent space To&g :n is the complex vector space J2f _1,1 (14o, £) of Beltrami 
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differentials, harmonic with respect to the hyperbolic metric on flo- Namely, 
each M € J^ _1,1 (flo, E) has the form 

M(w) = e^WQH, Q € ^ 2 ’°(^o, S). 

The tangent and cotangent spaces to & g , n at each point (E^, ..., w£) 

are identified, respectively, with E M ) and JP 2 ’°(£Iq , E^), where 

= F^(Q o). We have the following analog of commutative diagram (|2.12p . 

H —H 


(2.25) 


fl 0 > fin 


Here .F e/i satisfies Beltrami equation (12.1311 , is complex-analytic in e and F^ 
is given by (12.1411 . 

From the fibration j : & g , n —> © 9 it follows that Tg0 9ifl has a subspace 
j*(Tq © g ) = ^ 2 ’ 0 (fl, E) with a natural basis P\(w ),... , P 3 g - 3 (w) given by 
holomorphic automorphic forms of weight 4 for E which represent the cotan¬ 
gent vectors dAi,..., d\ g , da 3 ,..., da g , db 2 ,..., db g as in [2DJ formulas (2.2)]. 
The complementary subspace to j*(Tg@ g ) in Tq©^ is isomorphic to the 
subspace T^^ n (X), the cotangent space to the configuration space at the 
base point (w \,... ,w n ). Its natural basis, as it follows from (|2.14j) . is given 
by the following meromorphic automorphic forms of weight 4, 

(2.26) P 3g _ 3 +i (w ) = -- V' R(aw,wi)a'(w) 2 , w <E 0, 

7T z ' 

crGS 


which represent dwi, i = 1,..., n. 

Denote by M\(w ),... , M ( j{w) the basis in J^f~ 1,1 (Q, 0l E), dual to the basis 
P\(w ),..., P d (w) in JP 2,0 (Qoi E) with respect to the pairing 


(2.27) 


(Q,M) 



Q(w)M(w)d 2 w. 


Here M3 5 _3 + i, ..., M 3 ff _3 +n represent the tangent vectors d/dwi ,..., d/dw n 
in T0©(j,n- The corresponding bases in tangent and cotangent spaces to © 9jn 
at arbitrary point (E M ; w %,... ,Wn) are defined similarly. 

As in Sect. 12.21 we have S(J~ 1 )(w) = <p ww (w) — ^ W {w) 2 . It follows from 
the asymptotic behavior of ip(w) as w —>• w^, that 


2=1 


(2.28) S{J~ 1 ){w) = J2%( 

where (cf. (12.161) and (I2.17H ) 

(2.29) <S(») = \Y. ( 1 


n 3g—3+n 

i\W) — 7T ^ ClPl{w), 


1=1 


tSE 


(aw — Wi) 2 aw(aw — 1) 


a (w) , i = l,...,n, 
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are meromorphic automorphic forms of weight 4 for £ with the second order 
poles at Tj ■ Wi, and ci,..., Cd are the analogs of accessory parameter:^. 

For the first and second variations of the family of hyperbolic metrics on 
the Schottky domains we have the same formulas (12.21l) - (j2.22p . Finally, 
each TZ metric ( , )tz,i on T g , n is invariant with respect to the automorphism 
group of the covering n : T g ^ n —>• & g . n and determines a Kahler metric on 
6g } n, which we continue to denote by ( , )tz* = 1 ,.. ., n. 


3. Liouville action 


3.1. Punctured spheres. Let X = C \ {vj\, ..., w n -3, 0,1} be a marked 
Riemann surface of type (0, n). The regularized classical Liouville action is 
defined by the following formula (see [15]). 


S(wi,.. .,w n - 3 ) 

( 


(3.1) = lim 

<5->0+ 


\ 


{\ ip w \ 2 + e < p ) d 2 w + 27rnlog(f + 47r(n — 2) log | log <5| 


\x s 




where Xs = C \ U"j 1 1 {|u; — Wi\ < <5} U {|u;| > 1/5}. It is a critical value of 
the Liouville action, the Euler-Lagrange functional for the Liouville equation 
(12.81) with the asymptotic behavior (12.91) (12.101) on the Riemann surface X, 
and defines the smooth function S : .^o,n —> M. Denote by d and d the 
(1,0) and (0,1) components of de Rham differential on It is proved 

in |18l Theorem 1], 

n —3 

dS = —2i r ^2 c iRi > 

i— 1 

so that the regularized Liouville action is a generating function for the ac¬ 
cessory parameters, 


1 dS 
2ir diOi ’ 


i = 1,..., n — 3. 


Also, according to US Theorem 2], the function —S is a Kahler potential 
for the Weil-Petersson metric on 


ddS = —2\J —luiwp- 


Let 5Dto,n = ^o,n/Symm(n) be the moduli space of Riemann surfaces of 
type (0,n). It is proved in [20,, §1] that exp{S'/7r} determines a Hermitian 
metric in a holomorphic line bundle Ao, n over 9Jto,n (see Sect. 12.21) . so that 

(3.2) ci(A 0)n ,exp{5/7r}) = 4jOAyp. 

7 T" 


'^Note that for i = 1,..., 3g — 3 parameters a introduced here are — l/n times accessory 
parameters in [T9] . 
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3.2. Schottky domains. Let £ be a marked normalized Schottky group of 
rank g > 1. The classical Liouville action is a critical value of the Liouville 
action functional and is defined by the following formula [19j (see [13] for 
the cohomological interpretation), 


(3.3) 


S(<p) = 


\/-T 


D 


uvp) + — 2 ^ 


=9 


e L7 1 ^)^ 


k =2 


where 

w(p) 

and for a € PSL(2,C) 


(I| 2 + e lf )dw A dw 


^-i(V’) 



P og|a 


/12 


log |c(cr)| ) ( — dw 


a 



Here for a = (“ ^) we put c(y) = c, so that 0 CT -i (<*£>) = 0 if c(cr) = 0. 

The classical Liouville action is independent of the choice of a fundamen¬ 
tal domain D for the marked Schottky group £ and determines a smooth 
function 5 : & g —» M. As in Sect. 13.11 denoting by d and <9 the (1,0) and 
(0,1) components of de Rham differential on 6 g we hav^l (see m Theorems 
1 , 2 ]) 

3<?—3 _ 

dS = — 2n ^2 c lPl and 90S = — 2\/—Wp, 

l=i 

so that —S is a Kahler potential for the Weil-Petersson metric on & g . 

To define the classical Liouville action for the hyperbolic metric on Ho = 
H\ £ • {tor,..., u> n } one needs to regularize the area integral in (13.31) . which 
diverges due to the asymptotic behavior (12.91) of ip as w —>• Wi. We do it in the 
same way as in genus 0 case. Namely, suppose that all w\ ,..., w n € IntH, 
the interior of D, and for sufficiently small 5 > 0 define D$ = D\\J™ =1 Di(5), 
where Di(S) = {|ic — Wi\ < 5} (Z D, i = 1,... ,n. It follows from (12.91) that 
the following limit exists 

(3.4) S bu ikM = lim [[ w{tp) + 27rn(log<5 + 21og |log<5|) 

<5->o+ V 1 J JD S 



Remark 5. Equivalently, one can define Sbuik^) by cutting out the interiors 
Di C D of arbitrary simple closed curves li around Wi such that Wj ^ Di for 
i ^ j. Namely, let 


2 

V-T 


Si(<p) 



Di 



2 log \ w — Wi 

W — Wi 


+ 


2 log (log \ w — Wi\Y 


W — Wj 


dw. 


4 See the previous footnote. 
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Then it easily follows from Stokes’ theorem and 112.91) that 

SbuikO) = lim Si (:p), 

r—>0 

where r = max{diam(7i),..., diam(i n )}. 

Now we define the regularized actior@ as 

rz\ 9 r 

(3.5) S = S(D;wi,...,w n ) = S hvlk (if) + Y] / 9 L -i(<p). 

This completes the definition of S provided that fundamental domain D 
is such that w±,w n E Int D. As in the compact case, S does not depend 
on the choice of D with the property that w\,... ,w n E Int D. However, 
S(D] w i,..., w n ) depends on the choice of representatives in E-{u>i,..., w n } 
and no longer determines a function oh the Schottky space © P)7l . Its geo¬ 
metric meaning is the following (cf. Lemma [2]). 

Lemma 3. The regularized Liouville action determines a Hermitian metric 
exp{5/7r} in the holomorphic line bundle <8> ■ ■ ■ <8> 2zf n over & 9l n- 

Proof. It is sufficient to prove that for i = 1,,n, 

S(D-,wi,... ,L k Wi,.. .,w n ) - S(D;w i ,... ,w n ) = 7rlog \L' k (wi)\ 2 , 

where wi,...,w n E Int.D and w \,..., iCj-i, L k Wi, Wi+i ,..., w n E Int D. 
Moreover, it is sufficient to consider the case when 

D = (D\D 0 )U L k (D 0 ) 

and Dq C D is such that dD$ n dD C C k and Wi E D$, while all other 
Wj E D \ Do, j 7^ i. Indeed, any choice of a fundamental domain for £ is 
obtained from D by a finite combination of such transformations. 

Put 

(3.6) I s {D;wi,...,w n ) = [[ uj(<p) + Y / 0 L -i(<p). 

JJd s t^2 Jc k 

Since Cj = Cj for j / k and C k = C k — dDo, we have 

A I s = Is(D ; wi,..., L k Wi,..., w n ) - I S (D; wi,..., w n ) 

= [[ w(<p)-[[ w(<p)~ [ 9 L -i(<p). 

J JL k (D 0 )\Di{5) JJDo\Di(8) J8D 0 k 

It follows from (12.241) that 

L t(u(p)) = u{<p) o L k \L' k \ 2 = u(tp) + de L -i(tp), 

k 

J It should be always clear from the context for which space the action S stands for. 
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and by Stokes theorem we get 
A I 5 = 


D 0 \L7\Di(S )) 


D 0 \L-\Di(S)) 


D 0 \D(S ) 


L%(uj(<p)) - 
u(ip) - 
u{ip) - 


D 0 \Di(5) 


JdD 0 k 

M- [ 1 . 0 Lr i(^) 

J dLfr 1 (Di(5)) 


D 0 \Di(S) 


D 0 \Di(S) 


to {ip) + o(l) as 5 —>• 0, 


where 5 = 5/\L' k (wi)\. Thus for \L' k {wi)\ < 1 we have 


A h = - 


\<p w \ 2 dw A dw + o(l), 


Ki 


where Ki is the annulus 5 < \w — Wi\ < 5. It now follows from (12.9p that 
A Is = -4vr\/AIlog \L' k {wi)\ + o(l). 

In case \L' k {wi)\ > 1 we have 

A Is = // \p w \ 2 dw A dw + o(l) = -47r\/^Tlog \L' k (wi)\ + o(l), 

J J ki 

where Ki is the annulus 5 < \w — Wi\ < 5. □ 

Combining with Lemma [2] we obtain 
Corollary 1. Put H = h\ ■ ■ ■ h n . Then 
(3.7) JZ 7 = S — 7r log H 

determines a smooth real-valued function on & g , n - 

Remark 6. Let D{wi]Si) = {w € C : \w — Wi\ < 5i}, where Si = |cti(1)|<5. 
Since aj( 1) i-A L’ k {wi)ai{ 1) under the transformation Wi i-A Lk{wi), we have 
that up to 0(S 2 ) terms D(LkWi; Si) = L & (. D{wp,Si )). This shows that (13.71) 
can be also defined as 


(3.8) y = lim 
<5-»0+ 


v^T 


D s (h) 


uj{ip) + 27m(log(5 + 2 log |log <5|) 


+ 


\/-T 


E J 

k=2 J ° k 


where Ds{h) = D \ U ? =1 D(wi) Sf). 


4. Potentials for the WP and TZ metrics 

Here using first Fourier coefficients of Klein’s Hauptmodul we construct 
a global potential for the TZ metric on ^#o,n- For the Schottky space © 9jn 
we prove that the first Chern forms of the line bundles with Hermitian 
4 1 

metrics hi are -ojtz i- We also prove that -^w^P is the first Chern form of 
3 ’ 




20 


JINSUNG PARK, LEON A. TAKHTAJAN, AND LEE-PENG TEO 


the line bundle «£? = <8> ■ ■ ■ <8> FF n with the Hermitian metric exp{S'/7r}, 

where S is the regularized classical Liouville action (13.71) . As a corollary, the 

47T 2 

following combination w^p- w tz of WP and TZ metics has a global 

3 

Kahler potential on © 9 , n - 


4.1. Potential for the TZ metric on As in Sect. 12.21 let T be 

marked normalized Fuchsian group of type (0, n) uniformizing the Riemann 
surface X = C \ {u?i,..., w n s, 0,1}, let J : H —>• X be the normalized 
covering map, and let h t = |aj(l)| 2 , i = 1 ,... ,n— 1 , and h n = \a n (— 1)| 2 be 
smooth positive functions on .#o,n- According to Remark [1] we have 


log hi = lim log \ w — Wi\ + 


2 2e _v,(w)/2 


I W — Wi I 


i = 1 ,..., n — 1 , 


and 


logh n = lim log|tc| 2 — 

w —>oo \ 


2 e -^{w)/2' 


pc 


where the last formula follows from (12.101) . 
Lemma 4. We have for all i = 1 ,,n, 

„ —1 _ ipk 


K 


dw k 


= F*(wi ), k = 1,... ,ra — 3. 


Proof. For given X = C\{rci,..., w n - 3, 0,1} ~ r\EI there is an isomorphism 
T gtn ~ T(r) (see Sect. 12.1.1ft . Consider first the case i = n. According to 
(12.151) . it is sufficient to show that 

( d log hT \ 


\ ds J 


= F*{ 00), where fj, = nu- 


£=0 


Using that F £lx is holomorphic in e at e = 0 and formulas (12.101) . (12.20ft . 
(12.211) . we get 


m 

= lim 


e=0 


e=0 


log|F^| 2 -2(F^)*(e-2^) 


t-iE/J, 


F £ I J < 


(w) 


= lim 

w —>-oo 


'F k {w) e -^/ 2 {wF k (w) - F k (w))\w\ 


VJ 


W 2 W 


= Ft{ 00 ). 


Interchanging the order of the limit w —>• 00 and differentiation is legitimate 
since convergence in the above formula and in the definition of h n is uniform 
in a neighborhood of an arbitrary point (w\,... ,w n - 3) G ^o,n- The case 
i 7^ n is considered similarly. □ 
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Let d and d be, respectively, (1, 0) and (0,1) components of the de Rham 
differential d on We have the following result. 

Proposition 1. The functions — log hi : —> M>o, * = 1, • •., n — 1, and 

log h n are Kabler potential for the 47 t /3 multiples of TZ metrics, 

dd log hi = -^y^w T z,i, i/n and dd\ogh n = ^y^w T z,n- 

Proof. First consider the case i = n. We need to prove that 
d 2 log h n 47 t / d d \ 


dwjdwk 3 \ dwj ’ dwk / 


, j,k = l,... ,n — 3. 


TZ ,n 


By polarization, it is sufficient to consider the case j = k. According to 
Sect. 12.1.11 for given X = C \ {wi ,..., w n ~ 3, 0,1} ~ r\H we can use the 
isomorphism T g n ~ T(T). Thus we need to show that 


d 2 log hT \ 
dede ) 


e=0 


= yMlTZ,n> where T = hk- 


Using that F £ M is holomorphic in e at e = 0 and formulas (12.201) . (12.211) . 
(12.221) . (12.10D . we get 


/ d 2 log h £ ff \ 
V dede ) 

= (—) 


£ = 0 


lim log |F £/ T - 2(P^)*(e-2^) 

w —^00 ' 


= — 2 lim 

id—>- oo I \w 


£=0 

1 / d 2 \ 


F £fl 


F e u 


H 


[dede) 


(F^)*(e-^ sll ){w) 


£=0 


+ 




£ = 0 


/wy 


= lim < 

W —^OO 


^ log |u;|/ M( u(J 


wF w (w ) — F(tc) 




4tt 

= 7 T lim yfnfi(z) = — HHItz,™- 

w —>oo o 

The case i 7^ n is considered similarly. Here 

log \w — 


lim 


Im(<Tj 1 (J 1 (rc)) 


= —2tt, 


and we get the different sign from the case of i = n. 


□ 
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Remark 7. One can also prove Proposition Q] by using Lemmadland another 
Wolpert’s formula 

&U' rw '“ )W = “ (; m y 2 i) Ul “ iz) 

(see [16, Theorem 2.9]). 

Remark 8. Let Jzfj be the tautological line bundle on — a holomorphic 
line bundle dual to the vertical tangent bundle of ^#o,n along the hbers 
of the projection pi : ^#o,n —>• ^o,n-i which ‘forget’ the marked point Zi, 
i = 1 The line bundles are holomorphically trivial over .^o, n 

(but not over ^o,n)> and the functions hi on ^#o,n are trivializations of the 
Hermitian metrics in jSfj, introduced in mm- 

By Lemma [T] and Proposition [T] we have 


Corollary 2. The function — log H = log h n — log h\ — ■ ■ ■ — log h n _i is a 
potential for the 47r/3 multiple of the TZ metric on ^o,n- The first Chern 
form of the Hermitian line bundle (Ao ,n,H) over Wlo, n is given by 

4 

Cl(A 0 ,n, H) = -ujtz- 


For each marked Fuchsian group T denote by r(z) the projection of the 
regular automorphic form —S(J)(z) of weight 4 to the subspace of cusp 
forms, 


71—3 

r(z) = ^QPA(z), 
2—1 


where a,- = — 


S(J)(z)pi(z)d 2 z. 


r\H 


According to Sect. 12.21 the family of cusp forms r(z) for varying F determines 
a (l,0)-form r on To,n- Denote by d = Ya=i a id w i the corresponding 
(l,0)-form on ^#o,n- It follows from (|2.15|) . (12.161) that p*{d) = r, where 
P • To n y -^0 ,n- 

Put y = S — nlogH. Combining Lemma |4] with the proof of Theorem 
1 in [IS] and using Proposition [Tj and Theorem 2 in [18] . we obtain the 
following result. 


Corollary 3. The function y : ./#o. n —>• M satisfies 

dy = 2d 


and 

(4.1) 


ddy — — 2 \J — 1 ^wwp-—wtz 


Remark 9. Since both H and exp{S'/7r} are Hermitian metrics in the line 
bundle Ao. n over Wlo,n (see Sects. 12.21 and BUD , we conclude that y = S — 

47r 2 

7rlog H determines a function on SHto.n- The combination cuwp-—wtz> 

o 








POTENTIALS FOR WP AND TZ METRICS 


23 


with the overall factor 1/127T, appears in the local index theorem for families 
on punctured Riemann surfaces for k = 0,1 (see m Theorem 1]). Equation 
(|4.ip agrees with the fact that the analog of the Hodge line bundle Ai over 
5DTo,n is trivial. The function S? plays the role of the Quillen metric in Ai, 
defined in m- 


4.2. Chern forms and potential on &g : n- As in Sect. 12.31 let X = E\fl be 
a compact Riemann surface of genus g with n marked points x \,..., x n , let 
T be a Fuchsian group of type ( g , n) such that Xq = X \{aq,..., x n } = r\H, 
and let J : H* —> 12 be the corresponding branched covering map. Similar 
to the previous section, denote by R the projection of the automorphic form 
S(J~ l ) of weight 4 for E to the subspace Jt? 2,0 (fio,E) = Tf& g ^ n . Using 
pairing (12.271) . we get 

3g— 3+n 

R(w) = 22 PjPj( w )i where /3j = (iS(J _1 ), Mj). 
i=i 

Corresponding automorphic forms over each point (E ^,wf,...,Wn) deter¬ 
mine a (1, 0)-form £% on &g )U - 
Using (I2.28P we have 

n 

R(w) = TtRq(w) + '22 Pi( w ), 

i =1 


where 


Ro(w) 


3g—3+n 

22 c /iW. 


3 = 1 


Ri(w) 


3g—3+n 


22 

3 = 1 


In the next theorem, using identification of cotangent spaces to 6 g , n at 
each point (E M , wf, ..., Wn) with Jf 2,0 (flg, E M ) (see Sect. 12.3P . we explicitly 
describe canonical connections on the Hermitian line bundles S£i and ££. 


Theorem 1. Let d and d be (1,0) and (0,1) components of de Rham dif¬ 
ferential on &g t n- The following statement holds. 

(i) In a local holomorphic frame canonical connection on the Hermitian 
line bundle (J£i,hi) is given by 

-i 2 

h { dhi = - Ri, i = 1,... ,n. 

7r 

(ii) In a local holomorphic frame canonical connection on the Hermitian 
line bundle (2zf, exp{S'/7r}) is given by 

-dS = 2R 0 . 

IT 

(iii) The function 5? : &g, n —>• M given by (13.71) satisfies 

d<y = 2&. 
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Proof. To prove part (i), it is sufficient to show that 


/Slog h £IH \ 

{—) 




e=0 


7r 


Repeating verbatim computation in the proof of Lemma [5] we get 

f d log h £ P ; ' ^ 


l * 


= KM. 


£ = 0 


Now using (12.1411 and (12.291) we obtain 

1 


^K( w j) = - M i{w) 


(w — Wj ) 2 w[w — 1) 


d 2 w = —2 


and the result follows. 

To prove part (ii), it is sufficient to show that 

d_ 

de 

We have 


S(T , £tJ,i ; ,..., w^) = —2nci, i = 1,..., 3g — 3 + n. 


£=0 


„ d 
J ~ d~e 


£=0 


S(Z^. w w,..., w w) = ^3 lim ^ 


h{e) 


£=0 


and 


m = /U " WW)+ £ f c .„, V,-) 


y 5 k =2 

The calculation of almost verbatim repeats the corresponding com¬ 
putation in the proof of Theorem 1 in m, where regularization at the 
punctures is treated as in the proof of Theorem 1 in [IS]. Namely, using 
commutative diagram (12.251) and the change of variables w i—>■ F £,Xi (w), we 
get 

9 r- 


h(e) = 


D s (s) 


where 

D 5 (e ) = D\ U] =1 {weD | |F £ ^(u;) - F £ ^( Wj )\ < 5} . 

To compute dI$(e)/de\ E= o, we need to differentiate under the integral sign 
as well as over the variable integration domain D$(e). The first computation 
repeats verbatim the one in m Theorem 1], with the only change that now 
integration goes over D ,5 and dDs instead of D and dD as in [19| . For the 
second contribution we use an elementary formula for differentiating a given 
2 -form fl over a smooth family of variable domains P(e), 


d_ 

de 
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where V is a vector field along dT> corresponding to the family of curves 
dT>(e). In our case we readily obtain 


d_ 

de 


[[ « = -£/ 

I J J Ds(e) T^Jdl 


\<Pw\ ( F l {w) - F l (wj) ) dw, 
£ = 0 JJD s (s) ■—[ JdDj{S) V 7 

where dDj(6) are oriented as a boundary of Dj{5) (which is opposite to the 
orientation from dDg). 

Thus as in [19] we get 

dls(e ) 


de 


= 2 


£=0 


S(J 1 )(w)Mi(w)dw A dw 


D* 


E 


|^| 2 [F'H - F\ Wj ) )dw + h + I 2 + h. 




where 


n r. n „ 

h = ~ 2 E / VwKdw, I 2 = -^2 / 


<p w F^dw, 


ft~E 


Vu,F l w dw. 

J^JdDjiS) 

As in the proof of Theorem 1 in [18] , we obtain that Ji, J2 an d -I3 are o(l) 
as 6 —> 0. Also, 

lim [f S(J~ 1 )(w)Mi(w)dw A du) = — 2\/—1(«S(J -1 ), M*) = —2-^—1/%, 


<5-s>o 


£>6 


and it follows from asymptotic behavior (|2.9p that 


n « 

V / - F\ Wj ))d 


= lim 


1 </ « 

imV / 

Jd 


s ~>° JdDj (&) \ \W — Wj | 


2^ (to) - ^(uii)) 


|to — Wj\ 2 log |w — Wj | 


du; 


Thus we have 


27^ 

3 = 1 


= 2A + 7T E = ~ 27TC i 

j-1 


Part (iii) immediately follows from (i) and (ii). 


□ 


Remark 10. One can also restate the proof using cohomological methods 
developed in [El- 

Theorem 2. The following statements hold. 
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(i) The first Chern form of the Hermitian line bundle {£6.\,hi ) is given 
by 

4 

ci(£?i,hi) = -wtz,!, i = l,...,n. 

(ii) The first Chern form of the Hermitian line bundle {££ , exp{5/7r}) is 
given by 

ci(«Sf,exp{S'/7r}) = ^wwp- 
7r z 

(iii) 77ie function 5? given by flEZD satisfies 




88 ^ = —2\/--T i 


47T 2 




wwp 


-WTZ 


ie., — 5? is a potential for this special combination of WP and TZ 
metrics. 


Proof. Since 

ci(£?i,hi ) = ^-^-dd log hi, 

Z7T 

the proof of part (i) is exactly the same as that of Proposition [1] Using part 
(ii) of Theorem [H we obtain the proof of part (ii) by repeating, line by line, 
the computation in [19j Theorem 2], Part (iii) immediately follows from (i) 
and (ii). □ 


Remark 11. As in case of the moduli space 93To,n (see Remark [9]), the com- 
47T 2 

bination w^p- oj tz, with the overall factor 1/12tv, appears in the local 

3 


index theorem for families on punctured Riemann surfaces for k = 0,1 (see 
m Theorem 1]). Part (iii) of Theorem[2] agrees with the fact that the Hodge 
line bundle Ai is holomorphically trivial over &g !n . It would be interesting 
to relate the function with the Quillen metric in Ai, defined in m (see 

m § 3 ]). 


Remark 12. Let be the moduli space of n-pointed algebraic curves of 

genus g. The Hermitian metrics hi in the line bundles 2provide explicit 
expressions for the pullbacks of the Hermitian metrics in tautological line 
bundles over introduced in usurzi. 


5. Generalization to quasi-Fuchsian deformation spaces 

Here we define the Liouville action functional on the quasi-Fuchsian de¬ 
formation spaces of punctured Riemann surfaces and prove that it is a 
Kahler potential for the Weil-Petersson metric. The construction follows 
very closely our work m for compact Riemann surfaces, so here we just 
highlight the necessary modifications and refer to m for the details. For 
the convenience of the reader here we are using the same notations as in 
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Let r be a marked, normalized, quasi-Fuchsian group of type ( g , n) such 
that 3g — 3 + n > 0. Its region of discontinuity H has two invariant compo¬ 
nents Hi and 1^2 separated by a quasi-circle C. There exists a quasiconformal 
homeomorphism J\ of C such that 

QF1 J\ is holomorphic on U and Ji(U) = Hi, Ji(L) = H 2l </iQR) = C, 
where U and L are, respectively, upper and lower half-planes. 

QF2 Ji fixes 0, 1 and oo. 

QF3 Ti = J l 1 o T o Ji is a marked, normalized Fuchsian group. 

Let X ~ r\fii and Y ~ r\D 2 be corresponding marked punctured Rie- 
rnann surface of type ( g , n) with opposite orientations. There is also a 
quasiconformal homeomorphism J 2 of C, holomorphic on L with a Fuchsian 
group r 2 = J 2 l o T o J 2 so that X ~ Fi\U and Y ~ T 2 \L. The hyperbolic 
metric e ^ hyp ^ \ dw\ 2 on H = Di U H 2 is explicitly given by 


(5.1) 


g^hyp { w ) 


\(JrXH\ 2 


if w £ Hi, 


* = 1 , 2 , 


and is a pull-back by the map J -1 : Hi U H 2 -> U U L of the hyperbolic 
metric on U U L, where J|u = Ji|u and J |l = J 2 |l- 

Denote by 3(r) the deformation space of the quasi-Fuchsian group T. It is 
a complex manifold of complex dimension 65 — 6+271 with the Weil-Petersson 
Kahler form (see [T3l Sect. 3] and references therein). As in [13], we define 
the smooth function S : 2)(r) —>• M, the critical value of the Liouville action 
functional, using homology and cohomology double complexes associated 
with the T-action on H. 


5.1. Homology construction. Start with marked normalized Fuchsian 
group T of type ( 5 , n) with 2 g hyperbolic generators au,..., a g , j3 \,..., /3 g 
and n parabolic generators Ai,..., A n satisfying the single relation 

7i • " 7s^i • • • A n = id, 

where 7 ^. = [atkiPkl = a kPk a k 1 Pk 1 - H ere the attracting and repelling fixed 
points of ot\ are, respectively, 0 and 00 , and the attracting fixed point of 
is 1 . 

The double homology complex K... is defined as S. < 8 >zr B., a tensor 
product over the integral group ring ZT, where S. = S.(U) is the singular 
chain complex of U with the differential d ', considered as a right ZT-module, 
and B. = B.(Zr) is the standard bar resolution complex for F with the 
differential d". The associated total complex Tot K is equipped with the 
total differential d = d' + (— l) p d" on K M . 

The analog of the total 2-cycle that represents the fundamental class of 
the compact Riemann surface in HI Sect. 2 . 2 . 1 ] is the following 2 -chain 


E = F + L - V, 
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satisfying 

n 

(5.2) dT, = -^Zj <S> [Aj], 

i =1 

where Zi € R are fixed points of the parabolic generators Aj. 

Remark 13. Note that S — S, where E = F + L — V”, is a total 2-cycle in 
the double complex associated with ULlL, 

d(E - S) = 0. 


Here the elements F ~ F (8) [ ] G (< 2 , 0 , F € K^i and V £ Ko ,2 are defined 
as follows. The element F is a standard fundamental domain for T in U — 
a closed non-Euclidean polygon with 4g + 2n edges labeled by a k , a' fc , £/ fe , b k , 
k = l,...,g, and c*, c', * = 1 ,..., n, satisfying a k {a' k ) = a k , /3 k {b' k ) = b k and 
A,; (c() = Cj. The orientation of the edges is such that 

g n 

O' F = ^(a*, + b' k — a' k — b k ) + ^(<7 — c'). 

k=1 i=1 


Set <9'a fc = a fe (l) - a fc (0), d'b k = b k { 1) - b k { 0), S'c* = Cj(l) - q(0), so that 
a fc(0) = bfc-i(O), k = 2,...,g, ai(0) = d n { 0), Cj(0) = c'.-^O), i = 2,...,n, 
ci(0) = b g ( 0). The elements L € Ki i and V € K 02 are given by 
g n 

(5.3) L = ^( b k ® [/9 fc ] - a k <g> [a*]) - ^ c* <g> [A*] 

fc=l i=l 


and 


(5.4) 


g 

V = ^2 (ofc(0) <g> [afcIA] - 6 fc (0) ® [/8fc|afc] + &fc(0) ® [ 7 ^VfeA]) 

fc=i 

g —1 n —1 

- X] M 0 ) 0 [7^ • • • H Cl (°) ® t A i • • • A *|Ai+i] • 

k =1 i=l 


Finally let P k be T-contracting paths in U connecting 0 to b k { 0) (see TTf. 
Definition 2.3]), and let 


g 

w = 'Yh ( p fc-i ® [“fcl/Sfc] - p k ® [/3fc|afc] + P k ® [l k l \otkPk\) 

k =1 

9—1 n-1 

~Y. P 9® hg' 1 ''' 7fc+il7fc X ] + X) 0 [A i ‘' ‘ A *l A *+i] ' 

fc=l i=l 


Now let T be a marked, normalized, quasi-Fuchsian group of type (<?, n) 
with the 2 g loxodromic generators a \,..., a g , /?i,..., (3 g and n parabolic 
generators Ai,...,A n , and let Ti be the Fuchsian group such that Ti = 
Jj -1 o T o Jj. The double complex associated with D = U D 2 and the 
group T is a push-forward by the map J\ of the double complex associated 
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with DUL and the group Pi. The corresponding total 2-cycle for this 
complex is given by 

£i - E 2 = Jr(S) - Ji(t) = F 1 -F 2 + L 1 -L 2 -V 1 + V 2 , 

where F 1 _= Ji (F), F 2 = Ji(F), L\ = J X {L), L 2 = Ji(L), V] = J L (V), 
V 2 = Ji(V), and we continue to denote by £ — X the total 2-cycle for the 
double complex associated with UUL and the group Ti. 


5.2. Cohomology construction. The corresponding double complex in 
cohomology C* : * is defined as C p,q = Homc(B 9 , A p ), where A* is the com¬ 
plexified de Rham complex on 12 = fR U Q 2 . The associated total complex 
Tot C is equipped with the total differential D = d + (— l) p 5 on Cp j(? , where 
d is the de Rham differential and <5 is the group coboundary. The natural 
pairing (, ) between C p,q and K P)(J is given by the integration over chains 
(see m for details). 

Put ip = </>hy P - As in m, starting from the 2 -form 
u)[ip\ = (\ ( Pw\ 2 + eF) dw A dw € C 2,0 

(cf. the corresponding 2-form in Sect. 13.2|) . one constructs the total 2-cocycle 
\h[(£>] and defines the the Liouville action as 

5r = ^(^],E 1 -E 2 ), 

provided that integrals over F\ and F 2 exist (as we will show below). More¬ 
over, Sr does not depend on the choice of the fundamental domains F\ and 
F 2 for T in Hi and VL 2 . Simplifying as in m Sect. 2.3.3], we finally obtain 

(5.5) S r = l - {Hi P ],F 1 - F 2 ) - {9[ip],L i - L 2 ) + (u, Wi - W 2 )) , 

(cf. [13 formula (2.27)]). Here Wi = Ji(lT), W 2 = Ji(W), and 


(5.6) 9 y -i [ip] = ip- -z log \^'\ 2 — 2 log 2 — log |c( 7)| 2 j [ —dw - =dw 


7" 


rj'i 


7 


(cf. the corresponding 1 -form in Sect. 13.2(1 and 




72 / . 72 — 

— o 71 dw — = o y! 7 ^ dw 

72 J 


+ (^log|72°7il 2 + log l ^ ) 1 | ) j 


idw - tdw 
Vi ; 


Denote by zu,z 2 i € R, i = 1 ,...,n, the fixed points of the parabolic 
generators of Ti and T 2 , and by Wi = Ji(zu) = J 2 {z 2 i ) £ C — the fixed 
points of the parabolic generators A* of T. Let cti^, cx 2 i € PSL(2,R) be such 
that (Tuoo = z\i and (J 2i oo = z 2 i, i = 1 ,..., n. 
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Lemma 5. Let \dw\ 2 be the hyperbolic metric on Yl = fR U O 2 . Then 
{ip o J\ o an)(z) = 2 logy + 0(1) as y = Imz—>oo, 

{ip o J 2 o a 2 i)(z) = 2 log \y\ + 0(1) as y = Inu-> - 00 . 

Proof. It is sufficient to prove the first formula. By definition, 

(ipo Ji)(» + log \J[{z)\ 2 = -2log y. 

Let ai € PSL(2,C) be such that 07 ( 00 ) = W{. The map J\ = erf 1 o Ji o an 
is univalent and preserves 00 , so that in the neighborhood of 00 

J\{z) = a\Z + ao + a_i z^ 1 + a_ 22^ 2 + ..., where a\ 7 ^ 0. 

Whence 

( 1 J\ o <Jn)(z) = Wi + b_\z~ x + 6 _ 2 Z~ 2 + b_ 2 z~ 3 + ..., where 6 _ 1 7 ^ 0 . 
Thus as y —>• 00 we obtain 

{p° Ji)(cr u z) = - log\ J[{a u z)\ 2 - loglm(crijz ) 2 
= - log |(Ji °<Tii)'(z)\ 2 - log y 2 
= 4logy - 2 logy + 0 ( 1 ). □ 

Corollary 4. The integrals in definition (15.51) of Sr are convergent. 

Proof. Since Sr does not depend on the choices of fundamental domains 
for T in and YI 2 , we can choose F\ to be the push-forward by J\ of a 
fundamental domain for Ti in U and F 2 — the push-forward by J 2 of a 
fundamental domain for T 2 in L. It immediately follows from Lemma [5] that 
the pullback J*{uj [</?]) is integrable over the fundamental domain for Ti in U, 
and (u; [</?]) — over the fundamental domain for T 2 in L. The line integrals 
in the definition of Sr converge as well. □ 

Using formula (|5.5j) . we define a function S : 2)(T) —» M by setting S(T') = 
Sr' for every T' € D(T). 


5.3. Potential for the WP metric on 2)(T). Let 


&{ z ) = 2 Pzz ~V 2 z = 


2S (Jf 1 ) (z), 
2S {Jf 1 ) (z), 


if z € Hi 
if z € fl 2 - 


It follows from Lemma [5] that an automorphic form 1 ? of weight 4 for Y van¬ 
ishes at the cusps w±,... ,w n . As in m Sect. 4], the family of automorphic 
forms 1 ? for every Y' £ 2)(T) determines a (l,0)-form •d on S)(T). Denote 
by d = d + 5 the decomposition of de Rharn differential on S(T) into (1,0) 
and (0,1) components. 

The following result is an exact analog of Theorem 4.1 in El- 


Theorem 3. On S)(T), 


as = r?. 
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The proof repeats that of Theorem 4.1 in m- The only modification is a 
5-truncation of fundamental domains F\ and F 2 near the cusps w\,w n , 
needed for the application of Stokes’ theorem. Lemma [5] shows that in the 
limit d —>• 0 the corresponding boundary terms vanish. 

The next result is exact analog of Theorem 4.2 in m 

Theorem 4. The following formula holds on 2)(T), 

eM = 33 S = — 2Lu\yp, 

so that —S is a Kabler potential of the WP metric on 2)(T). 

The proof repeats that of Theorem [2] and uses Lemma [5l We leave details 
to the interested reader. 

6 . Holography and renormalized volume 

6.1. Renormalized volume of Schottky 3-manifolds. Here we prove 
the holography principle, a precise relation between the renormalized hy¬ 
perbolic volume of the corresponding Schottky 3-manifold and the function 
5? = S — 7 rlogiL, where S is the regularized Liouville action and H is the 
Hermitian metric in the line bundle J2f over & g , n (see Sects. 13.21 and I4~2j) . In 
case of the classical Liouville action on 6 g , this relation was proved in [7] 
for classical Schottky groups and in m Remark 6.2] for the general case. 

As in Sect. 12.31 let X C PSL(2, C) be marked normalized Schottky group 
with the region of discontinuity C C, and let M = X\U 3 be the cor¬ 
responding hyperbolic 3-manifold with the conformal boundary at infinity 
X = X\H. Here U 3 = {(z, t) : z € C, t > 0} is the Lobachevsky (hyperbolic) 
space. 

As in m Sect. 5], let K. . = S. <g>zs B. be the corresponding double 
homology complex, where S. = S,(U 3 ) is the singular chain complex of U 3 
with the differential 3' and B. = B.(ZX) is the standard bar resolution 
complex for X with the differential d". 

Let R C U 3 be the fundamental region for the marked Schottky group X 
in U 3 , identified with R® [] € l< 3 ,o. We have d"R = 0 and 

9 

(6.1) &R = - D + J2 - Li(H t )) = —D + 3"S 

2=1 

where D is the fundamental domain for X in H as in Sect. 12.31 Hi is a 
topological hemisphere!! with the boundary and S € K 24 is defined by 

9 

S = -J2Hi®Lr\ 

2=1 


6 It is a Euclidean hemisphere when E is a classical Schottky group. 
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Putting L = £?=1 Ci <S> 1 € Ki.i, we have d'S = —L and 

d(R-S) =d'R - d'S - d''S 

(q 2 ) 

y J =-D + d"S + L- d”S = —D + L. 

Let e v ^ w '\dw\ 2 be the hyperbolic metric on fio = H \ E • {u>i,... ,w n } 
(see Sect. 12.31) . As in m Lemma 5.1], there is a X automorphic function 
/ € C' 0 °(U 3 Uflo) which is positive on U 3 and uniformly on a compact subsets 
of flo satisfies 

f(Z) = te v{z) / 2 + 0(f 3 ) as t^O, 

where Z = ( z,t ). However near (wi, 0), as it follows from (12.91) . the function 
/ satisfies 

(6.3) f(Z)=te v ^ z ^ 2 + 0(t 3 \z — Wi\~ 2 ) as t —>• 0, 

so that the level surface f = s meets (tc«,0) and is non-compact. Hence in 
order to use / as a level defining function for the truncated fundamental 
region Rn {/ > e}, one also needs to remove a neighborhoods in U 3 of the 
points (w\, 0),... , (w n , 0). Define 

n 

R £ = Rn{f > s}\{J {( z,t ) € U 3 I II (z,t) - (Wj,0)|| < e|oi(l)|} , 

i=l 

_3 

where || || is the Euclidean distance in U (cf. the definition of S(T>; w i,..., w n ) 
in Remark [ 6 ]) As in (16.11) . 

9 

(6.4) &R e = -D e + J2( H ^-Li{H i ^)), 

2=1 

where D e is the complement in a level surface f(Z) = e of its intersection 
with U" = i{||Z— (tuj, 0)|| < e|aj(l)|}, and H^ e = R e D Hi. 

Following m , we define the regularized volume of the Schottky 3-manifold 
M (the regularized on-shell Einstein-Hilbert action) by 

Keg (M) = lim (v £ - i A £ - n (log e + 2 log | log e|) - tt x(X) log , 

where V £ is the hyperbolic volume of R e and 



where cL4 is the area form on D e induced by the hyperbolic metric on U 3 . 
Note that the only difference with the m Def. 5.1] is the extra subtraction 
of ^7rn (logs + 2log | loge|), which is due the fact that f(Z) blows up as 
Z -A (wi, 0). 

Repeating almost verbatim computations in [13| Sect. 5.2] and using (16.31) . 
we arrive at the following statement. 
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Theorem 5. Let \diu\ 2 be hyperbolic metric on Tl\'E-{wi,... ,w n }. The 
regularized hyperbolic volume V reg {M) of the Schottky 3-manifold M = S\U 3 
is well-defined and 

F reg (M) = -^ + 7T(«7-l), 

where 5^ is given by (E3D- 

Remark 14. Equivalently, the regularized volume V re „(M) is —1/4 times the 
function d/ = S — it log H, where S is the Liouville action without the area 
term. 


6.2. Renormalized volume of quasi-Fuchsian 3-manifolds. Here we 
define the renormalized hyperbolic volume of quasi-Fuchsian 3-manifolds 
and establish its relation with the classical Liouville action in Sect. [5j For 
the renormalized hyperbolic volume, another approach to the case of geo¬ 
metrically finite hyperbolic 3-nranifolds was developed in [2]. 


6.2.1. Rank one cusps. Let T be marked, normalized, quasi-Fuchsian group 
of type ( g , n) and let Ai,..., A n be its parabolic generators with fixed points 
v±,... ,v n E C (see Sect. Since the stabilizer of a parabolic fixed point v/. 
in T is a cyclic subgroup (A&), it is a rank one cusp. Denote by M = r\U 3 
the corresponding quasi-Fuchsian 3-nranifold and let X U Y = r\fii U D 2 be 
its conformal boundary at infinity. 

If A(z) = z + 1, there exists a so > 0 such that the image of the projection 
7r : TLJ 3 —x AI of an open horoball 

U s = {(z,t) E U 3 | t> s} 


is embedded into M for s > so- In this case, tt(TL s ) C M is homeomorphic to 
{0 < \z\ < 1} x M and 7 r({(z, t) E U 3 1 1 = s}) corresponds to {\z\ = 1} x 1. 
The set tt{TL s ) is called a solid cusp tube. 

In general, if a rank one cusp v = 00 is associated to the parabolic sub¬ 


group generated by A 


1 d 
0 1 


we have 


(6.5) 


a 1 A cr 



where 




and a maps an open horoball TL S onto TL\ q \ s . In this case, the corresponding 
solid cusp tube is TT{TL\ q \s). When a rank one cusp v t is finite and is associated 
with the parabolic subgroup generated by 


we have 

( 6 . 6 ) i<Ji 


fl + qm -q,v'f A 
V qi 1 - qxi) 



where 
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It is easy to see that ai(fH s ) is an open horoball tangent to C at cq(oo) = Vi, 
which is an Euclidean ball with radius of (2|g,:|s)^ 1 , and the corresponding 
solid cusp tube is tt( ai(T-L s )). In our case the normalization of T is such that 
all cusps are finite and the solid cusp tubes corresponding to Vi can be chosen 
to be mutually disjoint in M. We denote i = 1, ..., n. 

6.2.2. Truncation of a fundamental region. Let R C U 3 be a fundamental 
region for L in U 3 . Put R eo = U ™ =1 (% i>£0 \ V i}£0 ), where V i}£ = Vi{V £ ) and 

V £ := {(z,t) G U 3 | z = x + iy,\y\ > e -1 }. 

The proof of T-automorphic partition of unity in | 6 [ Lemma V.3.1] can be 
easily adapted to the case of Kleinian groups with parabolic elements. As in 
m Lemma 5.1], we conclude that there exist eg > 0 and a T-automorphic 
function / € C * 00 (TUq), where Ug = U 7 £ r 7 (R\ Re 0 ), satisfying 

(6.7) f(Z) = te v{z) / 2 + 0(f 3 ) as t -A 0, 

uniformly on compact subsets of Ug. Here e^^lcfel 2 is the hyperbolic metric 
on Ox U (see Sect. ED. 

Using the level defining function / we truncate a non-compact fundamen¬ 
tal region R as follows: 

R £ = R\ ({ZGR\U £0 :f(Z)<e} U Q H k , £ 

V k =1 

Similar to the Schottky case, we define a renormalized hyperbolic volume of 
the quasi-Fuchsian 3-manifold M by 

Keg (M) = lim (v £ - ^A £ -ttx{X U Y) loge^j , 

where V £ is the hyperbolic volume of R e and A £ is the area of the surface 
—F e = &R e H {/ = e} in the induced metric. Repeating computation in 
m and analyzing the extra terms due to the removal of a solid cusp tubes 
from M, on can show that their contribution vanishes as e —>• 0. Thus we 
arrive at the following statement. 

Theorem 6. Let e^^lcfel 2 be the hyperbolic metric on HiUfK. The regular¬ 
ized hyperbolic volume Keg(M) of the quasi-Fuchsian 3-manifold M = T\U 3 
is well-defined and 

Keg (M) = "Sr, 

where Sr is the Liouville action (E3D without the area term, 

Sr = Sr — JJ e‘ p d 2 z + 47 r\(A' U Y ) log 2 . 

Note that in this case the statement of the theorem is exactly the same 
as in the compact case m Theorem 5.1]. We leave details to the interested 
reader. 
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